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What you’ll learn about ... and why
» Implicitly Defined Implicit differentiation
Functions allows us to find
= Lenses, Tangents, and derivatives of functions
Normal Lines that are not defined or

L . itten explicitly as a
» Derivatives of Higher wrtten f
Order function of a single

. variable.
= Rational Powers of

Differentiable Functions

EQ: What is implicit differentiation, and how do
we apply it?
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Implicitly Defined Functions
An important problem in Calculus is how to find the slope when the
function can't conveniently be solved for y. Instead, y is treated as
a differentiable function of x and both sides of the equation are
differentiated with respect to x, using the appropriate rules for sums,

dy

products, quotients and the Chain rule. Then solve for 4 in terms of x
x

and y together to obtain a formula that calculates the slope at any

point (x,y)on the graph.
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Implicitly Defined Functions

y

Sy -oy=0

o N =0
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Implicit Differentiation Process

1. Differentiate both sides of the equation with respect to x.
.o d) . .
2. Collect the terms with Eyon one side of the equation.

3. Factor out ﬂ
dx

4. Solve for @
dx
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Example Implicitly Defined Functions
Find 2 if 3y” +2y=5x
dx
To find Z—y differentiate both sides of the equation with respect
x

to x, treating y as a differentiable function of x and applying the

Chain Rule.

3y* +2y=5x
d ( 2\ d oy on\dy
Lo abr)e

% dx d d>
6}%”%:5 d dy d '
X X ly

Z29)="(20) 22
&P @)y

dy

—(6y+2)=5

2 (6r+2)

H__ 5

dx 6y+2 .
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Example Implicitly Defined Functions

Find L2
dx

if2y%-3:2 =8y

6yzﬁf6x=8£
dx dx

6,3ﬂ-xﬁ=6x
dx dx

b _
dx 6y -8
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Example Implicitly Defined Functions

Find @
d:

X

ifx? —7)c2y3 +4y2 =—16‘

2_5.2(,,24y 3 dy _
3x°-Tx (3) d—)+(—14x)y +8y;—0

x

2 2dy dy 3,2
=21x“y" —+8y—=14xy” -3x
Vo T

dy _ 14x° -3x%
dx 8y—21)czy2
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Example Implicitly Defined Functions

Find @
d:

X

ifx2y3+)r3y2=y

2[5, 24y 30,03, 4 2 2|_dy

X7 3y° = [+2xy7 [+|x7| 2y — [+3x7y" [=—
2 3,

dx dx dx

dy _ —2xy3—3x2y2

dx 3x2y2 +2x3y -1

3x2y —2)cy3 —3x2y2
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Lenses, Tangents and Normal Lines

In the law that describes how light changes direction as it enters a
lens, the important angles are the angles the light makes with the
line perpendicular to the surface of the lens at the point of entry
(angles A and B in Figure 3.50). This line is called the normal to
the surface at the point of entry. In a profile view of a lens, the
normal is a line perpendicular to the tangent to the profile curve
at the point of entry.

Implicit differentiation is often used to find the tangents and
normals of lenses described as quadratic curves.
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Lenses, Tangents and Normal Lines

Tangent

Light ray

Curve
Normal line of lens
A surface

Point of entry
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Example Lenses, Tangents and Normal
Lines

Find the equations of the tangent and normal lines to the graph
2 2
272

given by x* + x’y” —»*=0 at the point (

Differentiate implicitly as

433 427 2yﬁ +2xy2—2yﬂ=0
dx dx

2 dy dy 3 2
2x7y—=2y—=—-4x" -2
Y Ve v

3,2 532
Lt St S slope of the tangent line

& ax?y-2y Ky-y
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Example Lenses, Tangents and Normal Lines

At g.g} the slope of the tangent line will be|

{219 e
[ N D, Wl A T R
Eiih Bh

2 2 2
The equation of the tangent line at this point is

ﬁ:}(x,?):by=3.\'**/z

m=

-
2
The equation of the normal line at this point is

2 1(X ‘f]ﬁy=%x+ﬁ+£

6 2
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Example Lenses, Tangents and Normal Lines

The graph of x2=xp+y? =3 isa "tilted" ellipse (See diagram). Among
all points (x,y) on this graph, find the largest and smallest values of y.

Differentiate implicitly :

2
zx-xﬂ+(-|)y+2yﬂ:0 P N\
dx dx S
b _y-2x .
dx 2y-x
/
The largest and smallest values of y will /
occur when m = 0. T/ ! U 1 [
/ /
Y 0= y-2x=0=>y=2x [ , /
x \ /
2 \ A
P oa(2x) e (2 =33 =3 x =zl \. P
—e
The largest and smallest values of y will
occur whenx =1 orx=-1.,and are y = +/-2
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Example Derivatives of a Higher Order

Differentiating cach term with respect to x gives

. ) "
Find C2if 432225 2w+ 2y =0
= dx
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Rule 9
Power Rule For Rational Powers of x

If n is any rational number, then
v
dx
If n <1, then the derivative does not exist at x=0.
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