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What you’ll learn about 
n  Implicitly Defined 

Functions 
n  Lenses, Tangents, and 

Normal Lines 
n  Derivatives of Higher 

Order 
n  Rational Powers of 

Differentiable Functions 

… and why 
Implicit differentiation 

allows us to find 
derivatives of functions 

that are not defined or 
written explicitly as a 

function of a single 
variable. 

EQ: What is implicit differentiation, and how do 
we apply it? 
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Implicitly Defined Functions 
  

An important problem in Calculus is how to find the slope when the 
function can't conveniently be solved for .  Instead,  is treated as 
a differentiable function of  and both sides of the equation 

y y
x are 

differentiated with respect to , using the appropriate rules for sums, 

products, quotients and the Chain rule.  Then solve for  in terms of 

and  together to obtain a formula that calculates

x
dy

x
dx

y

( )

3 3

1 2

 the slope at any 

point , on the graph. 

The process by which we find  is called .

The phrase derives from the fact that the equation

9 0
defines the functions  , a

x y

dy
dx

x y xy
f f

+ − =

implicit differentiation

3nd  implicitly (i.e., hidden inside the
equation), without giving us  formulas to work with.  

f
explicit

EQ: What is implicit differentiation, and how do we apply it? p. 157 
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Implicitly Defined Functions 

EQ: What is implicit differentiation, and how do we apply it? p. 157 
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Implicit Differentiation Process 

  
1. Differentiate both sides of the equation with respect to .

2. Collect the terms with on one side of the equation.    

3. Factor out .

4.  Solve for .

x
dy
dx

dy
dx
dy
dx

EQ: What is implicit differentiation, and how do we apply it? p. 164 
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Example Implicitly Defined Functions 

   
2Find    if  3 2 5dy
y y x

dx
+ =

( ) ( )

( ) ( )

2

2 2

To find   differentiate both sides of the equation with respect 

to ,  treating  as a differentiable function of   and applying the
Chain Rule.

3 2 5

3 3
6 2 5

2 2

dy
dx

x y x

y y x

d d dy
y y

dx dy dxdy dy
y

d d dydx dx y y
dx dy

+ =

=

+ =
=
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dx
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y
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=
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EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Example Implicitly Defined Functions 
   

    

€ 

Find dy
dx

 if 2y3 −3x2 = 8y

    

€ 

6y2 dy
dx
− 6x = 8 dy

dx

6y2 dy
dx
− 8 dy

dx
= 6x

dy
dx

=
6x

6y2 − 8
=

3x

3y2 − 4

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Example Implicitly Defined Functions 
   

    

€ 

Find dy
dx

 if x3 −7x2 y3 + 4y2 = −16

    

€ 

3x2 −7x2 3y2 dy
dx

# 

$ 
% 

& 

' 
( + −14x( )y3 + 8 y dy

dx
= 0

−21x2 y2 dy
dx

+ 8 y dy
dx

= 14xy3 −3x2

dy
dx

=
14xy3 −3x2

8y −21x2 y2

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Example Implicitly Defined Functions 
   

    

€ 

Find dy
dx

 if x2 y3 + x3y2 = y

    

€ 

x2 3y2 dy
dx

" 

# 
$ 

% 

& 
' + 2xy3( 

) 
* 

+ 

, 
- + x3 2 y dy

dx

" 

# 
$ 

% 

& 
' + 3x2 y2( 

) 
* 

+ 

, 
- =

dy
dx

3x2 y2 dy
dx

+ 2x3y dy
dx

−
dy
dx

= −2xy3 −3x2 y2

dy
dx

=
−2xy3 −3x2 y2

3x2 y2 + 2x3y −1

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Lenses, Tangents and Normal Lines 

In the law that describes how light changes direction as it enters a 
lens, the important angles are the angles the light makes with the 
line perpendicular to the surface of the lens at the point of entry 
(angles A and B in Figure 3.50).  This line is called the normal to 
the surface at the point of entry.  In a profile view of a lens, the 
normal is a line perpendicular to the tangent to the profile curve 
at the point of entry. 

Implicit differentiation is often used to find the tangents and 
normals of lenses described as quadratic curves. 
 

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Lenses, Tangents and Normal Lines 

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Example Lenses, Tangents and Normal 
Lines    

4 2 2 2

Find the equations of the tangent and normal lines to the graph

2 2
given by 0   at the point , .

2 2
x x y y

! "
+ − = $ %

& '

    

€ 

Differentiate implicitly as

4x3 + x2 2 y dy
dx

" 

# 
$ 

% 

& 
' + 2xy2 −2y dy

dx
= 0

2x2 y dy
dx

−2y dy
dx

= −4x3 −2xy2

dy
dx

=
−4x3 −2xy2

2x2 y −2y
=
−2x3 − xy2

x2 y − y
= slope of the tangent line

EQ: What is implicit differentiation, and how do we apply it? p. 160 
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Example Lenses, Tangents and Normal Lines 
( )
( )

2 2

2

2 2

2

2 2 2
 Find theslope of the tangent lineat ,

2 21

2 2 2 2 2 22 322 2 2 2 4 4 2= 3
12 22 2 11 22 42 2

The equation of the 

x x ydy
dx y x

m

+ ! "
= − $ %

− & '

! "! " ! " ! "! " ! "$ %+$ % $ % +$ % $ %$ %$ %& ' & ' & ' & '& ' & '− = − =− =
! " ! "! "! " −−$ %$ % $ %−$ % & '& '$ %& '& '

tange  at this point is

2 2
3 3 2.

2 2

The equation of the  at this point is

2 1 2 1 2 2
2 3 2 3 6 2

1 2 2
3 3

y x y x

y x y x

y x

! "
− = − ⇒ = −$ %

& '

! "
− =− − ⇒ =− + +$ %

& '

=− +

nt line

normal line

    

€ 

At 2
2

, 2
2

" 

# 
$ 
$ 

% 

& 
' 
' ,  the slope of the tangent line will be

m =

−2 2
2

" 

# 
$ 
$ 

% 

& 
' 
' 

3

−
2

2
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# 
$ 
$ 
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' 
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2
2
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$ 

% 

& 
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2
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2
2

2
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2
2

=
−

2
2
−

2
4

2
4
−

2
2

= 3

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Example Lenses, Tangents and Normal Lines 
The graph of                           is a "tilted" ellipse  (See diagram). Among 
all points (x,y) on this graph, find the largest and smallest values of y. 

    

€ 

x2 − xy + y2 = 3

    

€ 

Differentiate implicitly :

2x − x dy
dx

+ −1( )y + 2y dy
dx

= 0

dy
dx

=
y −2x
2y − x

The largest and smallest values of y will  
occur when m = 0. 

The largest and smallest values of y will  
occur when x = 1 or x = -1. 

    

€ 

y −2x
2y − x

= 0⇒ y −2x = 0⇒ y = 2x

x2 − x 2x( )+ 2x( )2 = 3⇒ 3x2 = 3⇒ x = ±1

, and are y = +/-2 

EQ: What is implicit differentiation, and how do we apply it? p. 159 
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Example Derivatives of a Higher Order 

   Find d
2 y
dx2

if  x2 + y2 =25

( )( ) ( )

( )

2

Quotient Rule2 2

Substitute  for 2

Differentiating each term with respect to  gives

2 2 0

2 2

Differentiating again with respect to  gives

1

x dy
y dx

x
dy

x y
dx

dy
y x
dx

dy x
dx y

x

dyy x
d x dx
dy y

xy x
y

y
−

+ =

=−

=−

" #− $ %
& '= −

" #
− −$ %

& '=−

=
2 2

Simplify3

2 2
Substitute 25 for  3

25
x y

y x
y

y
+

+
−

= −

EQ: What is implicit differentiation, and how do we apply it? p. 160 
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Rule 9    
Power Rule For Rational Powers of x 

   

1

If  is any rational number, then

.

If 1,  then the derivative does not exist at 0.

n n

n
d
x nx

dx
n x

−=

< =

EQ: What is implicit differentiation, and how do we apply it? p. 161 


